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It is instructive to investigate the non-relativistic limit of the simplest Standard Model 
Extension (SME) CPT-violating Dirac-like equation [T] but with minimal coupling to the 
electromagnetic fields. In this limit, it becomes an intuitive Schrodinger-Pauli-like equation. 
This is comparable to the free particle treatment as explored by Kostelecky and Lane [2], 
but this exercise only considers the a and b CPT-violating terms and p/m terms to first 
order. Several toy systems are discussed. 


Schrodinger-Pauli Equation 

The simplest free particle SME CPT-Violating Dirac-like equation is given by Eq. 6 in [T] 
(equivalent to the equations of motion using the Lagrangian from Eq. 1 in [2] with SME 
parameters c = d = e = f = g = H = 0) 

- mI)T = 0 (1) 

where the parameters and b^ represent the CPT-violating constants written as 4-vector¬ 
like quantities. In the limit where = b^ = 0, the familiar covariant form of the Dirac 
equation is recovered 


— mil)'!' = 0. (2) 

To obtain the Schrodinger-Pauli equation for Eq. ([1]), it is convenient to review a simple 
method for obtaining the Schrodinger-Pauli equation for the ordinary Dirac equation. To 
do this, it is useful to first massage Eq. ([2]) before introducing the minimal coupling to the 
electromagnetic field. Using natural units throughout, the following conventions for the 
various 4x4 matrices are used in the calculation: 

7^ = (/3,/3a) (3) 


1 


with 


/3 


I 0 
0 -/ 


a = 


0 a \ 

a 0 J ’ = 


0 I 
I 0 



(4) 


where a are the usual 2x2 Pauli-matrices and I represents the 2x2 unit matrix. The 
relevant kinematic quantum operators are given by 


V) = p/, = {E, -p), 

and the (time-dependent) wave function is a Dirac bispinor 


(5) 


where is the “upper” spinor and is the “lower” spinor. Now, substituting the 
matrices of Eq. Q into the gamma matrix equations in Eq. ([3]) and that, along with the 
operators in Eq. ([5|), all into Eq. ([2|) gives the following familiar form of the Dirac equation 
in terms of the upper and lower wave functions 


{a ■ p) = {E-m) A (7) 

{a-p) ^A = {E + m) (8) 

The following calculation basically follows the reasoning used in Halzen and Martin 
(HM) exercise 5.5 leading to Schrodinger-Pauli equation (equation 5.31 in HM). 

Pirst, the wave function is minimally coupled to the electromagnetic scalar and vector 
potentials, cj) and A, with the the substitution of the canonical momentum-energy operators 
into Eqns. ([7]) and ([8]) 

p^^ ^p^^- ( 9 ) 

or, more explicitly, with A^ = {4>,A), 

E —>■ E — q(j), p—^ p — qA (10) 

leading to 

a ■ {p - qA)'ij^B = {E - q(j) - m)'ipA (H) 

a ■ {p-qA)'ijjA = {E - q4> + rn) iIjb- (12) 

Note the shift in notation in Eqs. dm) and (I12|) . With E taken as an operator in Eqs. ([7]) 
and dS]), the usual phasor solutions to T in the time domain emerge after separation of 
variables. Since, in the spirit of the Schrodinger-Pauli Equation, we seek energy eigenvalues, 
the parameter E in Eq. (|14p is now taken as the energy eigenvalues of the Hamiltonian 
rather than an operator; the wave functions, ip, are now only a function of position. 
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From Eq. m, solve for iI^b giving 




a ■ {p- qA) 
{E — qcf) + m) 


ipA- 


(13) 


In the non-relativistic limit, the “non-relativistic energy” is defined as Enr = E — m where 
it is understood that m S> Enr, E ~ m, and we take m q(j). In this limit, from Eq. (jl3|) . 
iIjb will be small compared to V’A- Substituting iI^b into Eq. m and simplifying gives 


a-{p-qA) a-{p-qA) -tpA = {E - qcj) + m){E - q(f) - m) tpA- 


(14) 


The right hand side of Eq. (11411 can be approximated in the non-relativistic limit to be 


{E -q(j) + m){E - qcj) - m) ipA 2 m(£'NR - q(j)) i^A- ( 15 ) 

The left hand side of Eq. (|14D is more subtle because it involves the two operators 
p = —iV and A that don’t commute (since A is generally a function of position). To 
simplify, use the vector identities 

^{fQ) = f^xQ-Qx^f ( 16 ) 

and the Pauli spin matrix identity 

{a-Q){a-R) = {Q-R)I + ia-{QxR) (17) 

with Q = R = {p — qA) . The elements of the right hand side of Eq. ()17jl become 


Q-R={p-qA)^ (18) 

and 

Q X R = —q{p X A + A X p). (19) 

To simplify the right hand side of Eq. (fT^ . use it (as an operator) on a trial function ’iI)a 
along with the identity in Eq. (fT6]l with / = —iil^A and Q = ^ so Eq. (fT^ becomes 

Q X R = +iq'S/ X A = +iqB (20) 

where the magnetic field is B = V x A. Putting all this together into Eq. (I14p along with 
the approximation from Eq. (IlSp and simplifying gives 




'•Pa = -Enr i’A, 


( 21 ) 


which is the Schrodinger-Pauli equation. The advantage to this form is that it very clearly 
highlights, in a familiar single-particle first-quantized equation, the electric and magnetic 
contributions to the wave equation and how they interplay with spin coming from the limit 
of a relativistically responsible source (i.e. the covariant Dirac equation). 
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Schrodinger-Pauli Equation for SME Dirac-like Equation 

Now the same recipe as described above for the ordinary Dirac equation is performed for 
Eq. ([T|), the SME Dirac equation. Before minimal coupling, the matrices of Eqs. (j3|) and ([3]) 
are substituted into into Eq. along with the operators in Eq. ([5]). The CPT-violating 
terms are new elements worth writing explicitly 


= /3ao - /3a • a (22) 

= /375&0 - Mbb- a. (23) 

With these substations (and exploiting /3^ =1), Eq. dH) can be written 


{d ■ p + fim + ttQ — d ■ d + 751)0 ~ 75*3 • fl)V' = ^'4’ (24) 

where we have transitioned to the time-independent form so p is understood to be an 

operator and E is an eigenvalue. Further expanding and simplifying Eq. (j24p gives the 
following coupled equations between the upper and lower components of 

{a ■ p + bo — a ■ a) iI^b = {E — m — ao + a ■ b) 'll ;a (25) 

{a ■ p + bo - d ■ a) tjjA = {E + m - ao + a ■ b) iIjb- (26) 


Now, solving for iJjb using Eq. (f26|) . 


^>3 


a ■ p + bo — d ■ a 
{E + m — ao + d ■ b) 




(27) 


and substitute it into Eq. ([2^ giving 


{d ■ p + bQ — d ■ a)‘^ipA = {E — m — ao + d ■ b){E + m — ao + d ■ b)ipA- (28) 
The left hand side of Eq. ([28l) can then be expanded into 

{d ■ Pj{d ■ p) - {d ■ p){d ■ a) - {d ■ a){d ■ p) + 2bo{d ■ p) + {d ■ a){d ■ a) - 2bo{d ■ a) + bl, (29) 

which preserves the order of the relevant a and p products in anticipation of minimal cou¬ 
pling where, as before, the commutativity of the terms must be considered. However, the 
a and b terms are still considered constants. It is also helpful to begin making approxima¬ 
tions. The various a and b constants are presumably small, so Eq. (I29p can be simplified 
by only keeping leading order terms in a and b 

{d ■p){d -p) - {d -pjid -a) + {d ■ a){d -p) + 2bo{d -p). (30) 

After implementing the minimal coupling as prescribed by Eq. m, each term can be 
considered in turn. As before, 


4 



{a-p){a -p) ^ {p- qAf - q{a ■ B) 


and now 


2ho{a -p) ^2ho[a ■ {p- qA)]. 

Using the identity in Eq. (IIZI), the other terms can be simplified so 

{a ■ p){a ■ a) = {p ■ a)I + i{p x a) ■ a 

and 

{a ■ d){a ■ p) = (a ■ p)I + i{a x p) ■ a = {p ■ a)I — i{p x a) ■ a. 
Now, with Eq. (fTOt) . 

— {a ■ p){d ■ a) — {a ■ a){d ■ p) —>■ —2[a ■ {p — qA)]I. 
Putting it all together, the left hand side of Eq. (I24jl can be written 

[{p- qAf - q{d ■ B) - 2d - {p - qA) + 26 oct • {p - qA)]'il)A 


(31) 

(32) 

(33) 

(34) 

(35) 

(36) 


where the I matrices have been suppressed. 

Eor the right hand side of Eq. (1281) . after applying Eq. (iini), a non-relativistic approxi¬ 
mation is made where Enr = E — m, m ^ Enr, E m, and m ^ q4>. Again, only leading 
order terms in a and b are kept. In this limit, the right hand side becomes 

[E — q<j) — m — aQ + a ■ b){E — q(f> + m — ao + a -b) ipA ~ 2m(ENR — qfj) — ao + a -b) V’A- (37) 

Setting Eq. (1361) and Eq. ([371) equal, and then tidying (and restoring h and c into unnatural 
units), gives the Schrodinger-Pauli Equation for the SME Dirac-like equation: 


{p-qA)‘^ gfi - 

---—(cr • B) + qcji+ao 

2m 2m 

^-V-- 

SP Hamiltonian from Eq. HD 


g • {p- qA) hohd ■ {p - qA) 

m m 

SME CPT-violating terms 




Enr ipA- 


(38) 

With A = E = (/> = 0, the operator on the left hand side of Eq. (I38p is equivalent to the 
non-relativistic Hamiltonian in [2] (their Eq. 26) with SME parameters c = d = e = f = 
g = E[ = 0 (and taken only to first order in p/m beyond the kinetic term). 

Equation (|38p can be written in an illuminating way that highlights the features of the 
CPT-violating terms 


{p- qA)^ 
2m 


qh 

2m 


{a-8)+ qS 




Enr '4’a, 


(39) 
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where 


(40) 


- - 2 m - 26 o / ^ 

B = B -\ - b - {p — qA) 

q q 

and 

5 = ^ + 

q mq 


(41) 


are a “modified” or effective magnetic field and scalar potential respectively. This intuitive 
Schrodinger-Pauli form highlights a number of properties of the a and b CPT-violating 
parameters. For example, qq merely acts as a constant offset to the scalar potential energy, 
so is not measurable in this model. The b term acts as an intrinsic background magnetic 
field provided by the vacuum itself (e.g. even in the absence of any applied field). In 
addition, there are curious “kinematic magnetic” and “kinematic scalar” terms that couple, 
via 6 o and a, directly to the canonical momentum vector operator to first order. Here, oq 
will have units of energy, while a will have units of momentum. So, in units of energy, 
= (ao,ac). Also, bo is units of wave number and b in units of angular frequency. In 
units of energy, = {Hcbo, hb). 


Toy Examples 

The Schrodinger-Pauli form in Eq. (j.S9|) lends itself to ordinary Schrodinger mechanics 
intuition. In this context, it is worth considering a few toy textbook examples. Below, ijjA 
and Enr above are replaced with ip and E as well as p = —ihV (where it is understood 
ip'{x) is the derivative with respect to x etc.). 


Free Particle with Non-Zero a 

With a free spin-up particle, consider a universe where ao = ay = az = bo = b = 0 but 
where 7 ^ 0. Putting these values into Eq. (I3^ leads to an equation of motion 

, 2iax ,,, , 2mE ,, , 

ip (x) - —ip (x) =-(42) 

and solutions of the form 


ip{x) = 


(43) 


where 


k =( 44 ) 

n 

leading to a shift in the free particle’s momentum of order ax (regardless of the direction 
of propagation). That is, can be interpreted as a “wind” pointing in a fixed direction 
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in space that gives the particle a little kick if it is moving downwind and pushes back on 
it if it is heading upwind. The existence of such a preferred orientation in free space has a 
clear Lorentz-violating character to it. 

Particle in a Box with Non-Zero a 

Place a spin-up particle in an infinite well of width L {q4> = 0 for 0 < x < L and infinite 
otherwise), again where ao = ay = az = bo = b = 0 and where a^: / 0 and A = B = 0. 
Using the free particle solutions in Eq. (j43p . and after imposing boundary conditions, the 
eigenfunctions are of the form 


tPix) = sin (^) (45) 

Jj 

with n = 1, 2, 3,.... Other than a phase consistent with the free particle momentum shift, 
these are the same solutions as the standard particle in a box. The energy eigenvalues are 


En. = 


_ 'flf' — _ — 

2 mL2 2m’ 


(46) 


which leads to an (unmeasurable) constant shift in the usual infinite square well energies. 


One Dimensional Tnnneling with Non-Zero a 

A free spin-up particle with energy E impinges on a barrier q4> = Vq for 0 < x < L and 
zero otherwise. Assume E < Vq so {Vq — E) >0. As before, consider the case where 
aQ = ay = az = bo = b = 0 and where a^ ^ 0 and A = B = 0. In the simplest 
treatment, the solutions outside the barrier are incident, reflected, and transmitted free 
particle solutions consistent with Eq. (I43p with the appropriate coefficients. In the barrier, 
the equations of motion are of the form 



r(x) 

(47) 

with solutions 

V’(x) = 

(48) 

where 

y^2m(Vo — E) — a^ 
h 

(49) 

A conspicuous feature of this tunneling amplitude is if 



a^. > 2m(Vo — E) 

(50) 
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then K becomes imaginary and the solutions in the barrier, Eq. (|48p . become free partiele 
solutions. That is, the ax term effectively lowers the height of the barrier (or increases the 
kinetic energy) and facilitates “true tunneling” with complete barrier transparency. 

Transverse Motion of a Free Particle with Non-Zero bo 

Another system to consider is a free particle that is moving transverse to the orientation of 
its spin. For example, if a particle is initially in a spin-up orientation along the z-direction 
and then is allowed to move as a free particle only in the x-direction. For simplicity, 
consider ao = a = b = 0 and A = B = cf = 0, but where bo 7 ^ 0. Plugging this into Eq. (|38]l 
gives, in three dimensions. 


Im m 

(51) 

which reduces to 

—b? , iboh ^ , 

V’ (a;) (x) = E 

2m m 

with the normalized spinor wave function 

(52) 

II 

(53) 

This leads to coupled differential equations in / and g 



(54) 


(55) 


If 60 = 0, the spin-up and spin-down components decouple and the particle propagates 
in the x-direction consistent with its fixed initial spin conditions. However, if bo 7 ^ Q, 
for constant E, the result is inexorable spin-position correlations as the spin orientation 
changes depending on where the particle is measured in space. 


Conclusion 

The Schrodinger-Pauli form of the simplest CPT-violating Dirac equation, as derived in 
this paper, is ripe for both pedagogical and physical insight into SME models. Several toy 
systems were explored, highlighting the functionality of this intuitive approach. 
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